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The propagat ion of a f lame in a homogeneous gas -  
eous mix tu re  in which a f i r s t - o r d e r  exothermic  chem-  
ical  r eac t ion  takes  place is governed by the equations 
of m a s s  diffusion and conse rva t ion  of energy,  which 
can be wr i t t en  in the fo rm 

d k du - -  m du 
d x  (-'~- d-x'x ) dx + v(D =~ O, 

d~- - -  m ~ - -  v(1) = 0, (1) 

- - ~ < x < + ~ ,  u ( - - ~ ) = u _ ,  

( - -  ~ )  = ~,_, ~ ( ~ )  = u+.  (2)  

H e r e  u is the t e m p e r a t u r e ,  v = h a l e ,  a is the con-  
cen t ra t ion ,  h is  the heat  of reac t ion ,  c = cons t  is the 
speci f ic  heat  of the gas, k = k(u) is  the t he rma l  con-  
ductivity,  p = p (u) is the gas densi ty,  D = D (u) is  the 
diffusion coeff icient ,  m is  the m a s s  veloci ty,  and ~b = 
= �9 (u) is  the ra te  cons t an t  of the chemica l  reac t ion .  
The ra te  cons tant  is  �9 = 0 for  u_ -< u ~ e and ~ > 0 for 
5 < u - < u + .  

The solut ion of the p rob l em (1), (2) should de t e r -  
mine  the t e m p e r a t u r e  and concen t ra t ion  prof i les  in the 
combus t ion  wave and the speed of the wave m.  

The p rob lem of the ex is tence  and un iqueness  of the 
solut ion of Eqs.  (1), (2) was f i r s t  cons idered  in  [1], in 
which it  was proved that  the p rob lem always has a 
unique solut ion for X = p c D / k  = 1. 

In [2] it  was proved that  the solut ion of (1), (2) 
exis ts  f o r  a r b i t r a r y  n o n - z e r o  cons tan t  va lues  of X and 
the un iqueness  of the solut ion was proved for 0 < ~ < 1. 
The proof was based  on the a s sumpt ion  that  k, pD, and 
c do not depend on t e m p e r a t u r e .  

The ex i s t ence  and un iqueness  of the solut ion of 
Eqs.  (1), (2) in the case  X = 0 (D = 0), which c o r r e -  
sponds to the propagat ion  of the f ront  of an exothermic  
reac t ion  in a condensed medium,  were  inves t iga ted  in 
[3]. 

Using Ya. B. Ze l ' dov i ch ' s  method [1, 4], we shal l  
prove that  the p rob lem (1), (2) a lso  has a unique so lu -  
t ion in the case  that  the t h e r m a l  conduc t iv i ty ,  the dif-  
fus ion  coeff icient ,  and the dens i ty  a r e  funct ions  of 
t e m p e r a t u r e  such that  0 < X(u) < 1. 

The s y s t e m  (1) has a f i r s t  i n t eg ra l  

k d,,~x k pw~ ~d~' __ , ,  (" k r) = c,)nsL. (3) 

F r o m  (3) and the condi t ions  (du/dx)x=•162 = (dv /  
/dx)x=~: ~ = 0, which follow f rom (2), we find 

pD ~d~' 7;'1 (a ~-, V - -  It+) ck dxdU , u.==u-f-v_. (4) 

,Taking the t e m p e r a t u r e  u as an independent  v a r -  
iable and in t roducing the new unknow.n function 

k du 
P = c dx (5) 

we obtain,  ins tead of (1), (5), 

dp "! (l ko  
- ~ = m  p . = % - ) '  (6) 

~ =  ~; - - W  : _ ~ - k  j (7) 

p(u_) = p(u+) = v(~+) = 0 .  (8) 

The p rob lem (6)-(8) is  equivalent  to the  p rob lem 
(1), (2). Over  the in te rva l  u_ --- u <- a, t he  solut ion of 
(6) with the condit ion p(u_) = 0 is 

p = m (u - -  u:). (9) 

As m i n c r e a s e s  f rom m = 0, the o rd ina tes  of the 
in teg ra l  cu rves  (9) also i n c r e a s e  upwards f rom zero .  

Cons ider  the in teg ra l  cu rves  of Eqs.  (6) ,  (7)  over  
the in t e rva l  e <- u -< u+, which pass  through the s i n -  
gu l a r  point  p (u+) = 0, v (u+) = 0. Of the th ree  in tegra l  
cu rves  pa s s i ng  through th i s  point,  only the curve  with 
the slope 

-~- u+ 2~ (u+) 

is physically meaningful, and, consequent ly ,  

(10 )  

Idv] 2 [i -- i~ (u+)] m - - - i  
~-u u+ ~--- k (u+) [rn + (m s + 4k (u+) ] (u.)) V'] (11) 

The equat ions of the in tegra l  curves  f0r  m = 0 a re  

u+ u+ dUl 7 \'], 
p (u ,  0 ) = ( 2  f /0 , .~)I  I y~(~r)Jdu,) , 

it+ 

v (u, 0) = f ~-~0"dul (12)  
u 

The solut ion of (7) can be wr i t ten  in the form 

~, (u, m) = ~,+ - -  u + 
~ +  u., 

+ I 
u ~ 

(13) 

F r o m  (13) it  follows that  for ~ < 1 the re  holds the 
inequal i ty  

u + v ~ u+. (14) 

Let us in t roduce  the funct ions  Pm = ~p/0m and 
v m = 0v / 0m which  make it  poss ib le  to analyze  the 
change of pos i t ion  of the in teg ra l  cu rves  with changing 
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m ~  

and v m 

dPm - - 1 - -  ! vm + v/ 

dv m (re -~- v - -  u+) (p - -  mpm ) m 
= ~p' § T F  v , . .  

F r o m  Eqs .  (6), (7) we find the equat ions for  Pm 

At the point u = u+, at which Pm = Vm = 0, t he r e  
holds 

dPm ~ O, dv 
du d~ > 0 .  

(15) 

(16) 

F r o m  (16) it fol lows that  in the neighborhood of  the 

point u = u+, the funct ions Pm and v m take on negat ive  
va lues .  F r o m  (15) it  is  c l e a r  that  the sign of the func-  
t ions Pm, Vm does not change o v e r  the whole in t e rva l  
e - u -< u+. In fact ,  a s s u m e  that  at some  point the 
function Pm p a s s e s  through z e r o  and the function Vm 
re t a in s  i ts  nega t ive  va lue .  At that  point the cu rve  

Pm(U) cannot have a pos i t ive  d e r i v a t i v e .  But f r o m  (15) 
it fol lows that  at that  point t h e r e  should hold 

dP,n Jam 
d~ = I > 0 .  p 

A s s u m e  now that  the function v m p a s s e s  through 

z e r o  at a point at which P m <  0. The cu rve  v m (u) can-  
not have a pos i t ive  s lope at that  point, but f rom equa-  
t ion (15) and inequal i ty  (14) t h e r e  fol lows that  at that  

point 

d ~  __ (~ + v - ~,) ( p -  mp m ) > O. 
dtt ~,p~ 

In an analogous w a y  it can be p roved  that  the case  
o f  s imul t aneous  change of  s ign of Pm and v m is  a lso  
i m p o s s i b l e .  

Thus,  the funct ions Pm and v m cannot take on pos i -  
t ive  va lues  o v e r  the whole i n t e rva l  ~ - u < u+. This  
means  that,  with m i n c r e a s i n g  upwards  f r o m  m = 0, 
the o rd ina t e s  of the in t eg ra l  c u r v e s  p (u, m) i n c r e a s e  
f r o m  the va lues  g iven by (12) at al l  points  of  this  in-  
t e r v a l  ( including the point u = e). Consequent ly ,  with 
i n c r e a s i n g  m the o rd ina t e s  of  p (e - 0, m) and p (e + 
+ 0, m) c o n v e r g e  monoton ica l ly ;  and at  some  f ini te  m = 
= m*, at which p ( e -  0, m*) = p (e  + 0, m*), t h e r e  ex-  
i s t s  a cont inuous in t eg ra l  cu rve  p (u, m*) which is the 
solut ion of  p r o b l e m  (6)- (8) .  The function v (u, m*) is 
then defined by (13). 

The c a s e  k = 0 (D = 0) r e q u i r e s  s epa ra t e  t r e a t m e n t .  
In this  ca se  we obtain f rom Eqs .  (1), (5) the problem 

dp t (u+-- u) ! d~ = m , p (u:) = p (u+) ----- 0 (17) 
m p 

ins tead of (6), (7). 
To p rove  the ex i s t ence  and uniqueness  of the so lu -  

t ion of p rob l em  (17), cons ide r  the aux i l i a ry  p rob lem 

dP,du - -  m (u.--u) t (u)p :  p:(u )=p:(u+)=O.  (18) 

This p r o b l e m  always has a unique solut ion [1, 4]. 

Let  us denote by m ~ the co r r e spond ing  e igenvalue  of 

(18).  
F r o m  Eq. (17) it fol lows that  any in tegra l  cu rve  of 

th is  equat ion which p a s s e s  through the point p(u+) = 0 
is such that  p ( e , m )  > 0 for  m > 0. At m = m ~ this in-  
t e g r a l  cu rve  l i e s  above the co r re spond ing  in tegra l  
cu rve  of (!8).  Consequent ly  p(~ + 0, m ~ > p(e  - 0, m~ 
At the same  t ime  the in t eg ra l  cu rve  of (17) which 
pas se s  through the point p(u_) = 0 and which is defined 
by (9) co inc ides  with the solut ion of (18) o v e r  the in-  
t e r v a l  u -< u -< e. Cons ide r ing  the behav io r  of the in-  
t e g r a l  cu rves  of (17) when m i n c r e a s e s  upwards  f r o m  
the value  m = m ~ we conclude that  p rob lem (17) has a 
unique solut ion.  

Note that the above proof  is  val id  also in the case  
of m o r e  gene ra l  dependence of the r a t e  of  the c h e m -  
ical  r eac t ion  on concen t ra t ion  and t e m p e r a t u r e ,  the 
only condit ion be ing  that  

o_~_Fou . . . . .  = 0, afar > 0 for  ~ < ~ ~< ~. �9 

R E F E R E N C E S  

1. Ya. B. Ze l ' dov ich ,  "On the theory  of f l ame  
propagat ion,"  Zh. f iz.  khimii ,  vol .  22, no. 1, 1948. 

2. Ya. I. Kanet ,  "On a s t a t iona ry  solut ion of  the 
s y s t e m  of equat ions of  the theory  of combust ion ,"  
Dokl. AN SSSR, vol .  149, no. 2, 1963. 

3o S. S. Novikov and Yu. S. Ryazantsev ,  "On the 
t heo ry  of combus t ion  of condensed sys t ems , "  Dokl. 

AN SSSR, vol .  157, no. 6, 1964. 
4. I. M. Gel ' land,  "Some p r o b l e m s  of q u a s i l i n e a r  

equat ions,"  Uspekhi  m a t e m ,  nauk, voI .  14, no. 2, 

1959. 

5 March  1965 Moscow 


