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The propagation of a flame in a homogeneous gas-
eous mixture in which a first-order exothermic chem-
ical reaction takes place is governed by the equations
of mass diffusion and conservation of energy, which
can be written in the form

d (k du du

E;(T%*>—IHE;+U(D=:O.

d d d.

2 (eD 52 ) —m G —2® =0 1
— oo Lz + oc, u(—oc)=u_,

v(—o)=v, u(o)=uy,. (2)

Here u is the temperature, v =ha/c, a is the con-
centration, h is the heat of reaction, ¢ = const is the
specific heat of the gas, k = k(u) is the thermal con-
ductivity, p = p(u) is the gas density, D = D(u) is the
diffusion coefficient, m is the mass velocity, and & =
= & (u) is the rate constant of the chemical reaction,
The rate constant is & =0 foru. <u =& and & > 0 for
E<US Uy,

The solution of the problem (1), (2) should deter-
mine the temperature and concentration profiles in the
combustion wave and the speed of the wave m,

The problem of the existence and uniqueness of the
solution of Egs. (1), (2) was first considered in [1], in
which it was proved that the problem always has a
unique solution for A = peD/k = 1.

In [2] it was proved that the solution of (1), (2)
exists for arbitrary non-zero constant values of A and
the uniqueness of the solution was proved for 0 < A < 1,
The proof was based on the assumption that k, pD, and
¢ do not depend on temperature,

The existence and uniqueness of the solution of
Egs. (1), (2) in the case A= 0 (D = 0), which corre-
sponds to the propagation of the front of an exothermic
reaction in a condensed medium, were investigated in
(31.

Using Ya. B. Zel'dovich's method [1, 4], we shall
prove that the problem (1), (2) also has a unique solu-
tion in the case that the thermal conductivity, the dif-
fusion coefficient, and the density are functions of
temperature such that 0 < A(u) < 1.

The system (1) has a first integral
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From (3) and the conditions (du/dX)y=1c = (dv/
/8X)x=40 = 0, which follow from (2), we find

, : d
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Taking the temperature u. as an independent var-
iable and introducing the new unknown function

P=7d (5)

we obtain, instead of (1), (5),
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p(u—) = p(u+) = v(u+) =0. ) (8)

The problein (6)—(8) is equivalént to the problem
(1), (2). Over the interval u. = u = ¢, the solution of
(6) with the condition p(u-) = 0 1s

=m@u—ul). - C(9)

~As m increases from m = 0, the ordinates of the
integral curves (9) also increase upwards from zero.

Consider the integral curves of Egs. (6), (7) over
the interval € =< u = uy, which pass through the sin-
gular point p(us) = 0, v(uy) = 0. Of the three integral
curves passing through this point, only the curve with
the slope '

dp o m ma - fu,) Ve )
[T] =~ 2ty — \wrey T ) (10)
is physically meaningful, and, consequently,
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The equatioris of the integral curves for m = 0 are
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The solution of (7) can be written in the form
v (‘u, m)y=nu,—u-+
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From (13) it follows that for A <1 there holds the
inequality

utv>u,. (14)
' Let us introduce the functions Py = 8p/8m and

vm = 8v/0m which make it possible to analyze the
change of position of the integral curves with changing
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m, From Egs. (6}, (7) we find the equations for p,,
and vy

dp ¥
T =1——p~vm+~;§pm' (15)
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du Ap?

) m
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At the point u = uy, at which py, = vy = 0, there

holds
dp,, di

& >0 7 >0 (16)

From (16) it follows that in the neighborhood of the
point u = uy, the functions p,, and vy, take on negative
values. From (15) it is clear that the sign of the func-
tions py, Vi does not change over the whole interval
€ = u = uy, In fact, assume that at some point the
function py, passes through zero and the function vy
retains its negative value, At that point the curve
Py (W) cannot have a positive derivative. But from (15)
it follows that at that point there should hold

fom
To=1- — >0.

Assume now that the function v,,, passes through
zero at a point at which p,,, < 0. The curve vy, (u) can-
not have a positive slope at that point, but from equa-
tion (15) and inequality (14) there follows that at that
point

d,  (uto—u)(p—mp,

)
du Ap* >0.

In an analogous way it can be proved that the case
of simultaneous change of sign of py, and v, is also
impossible,

Thus, the functions py, and vy, cannot take on posi-
tive values over the whole interval & = u < uy. This
means that, with m increasing upwards from m = 0,
the ordinates of the integral curves p(u, m) increase
from the values given by (12) at all points of this in-
terval (including the point u = €). Consequently, with
increasing m the ordinates of p(e — 0, m) and p(e +

+ 0, m) converge monotonically; and at some finite m =

= m*, at which p(e — 0, m*) = p(e + 0, m*), there ex-
ists a continuous integral curve p(u, m*) which is the
solution of problem (6)—(8). The function v (u, m*) is
then defined by (13).
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The case A = 0 (D = 0) requires separate treatment,
In this case we obtain from Eqgs. (1), (5) the problem

(u+—'— u)f
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instead of (6), (7).
To prove the existence and uniqueness of the solu-
tion of problem (17), consider the auxiliary problem

L (w—9f)

du 2 pi(u)) = pi(u,) =0. (18)

This problem always has a unique solution [1, 4].
Let us denote by m® the corresponding eigenvalue of
(18). :

From Eq. (17) it follows that any integral curve of
this equation which passes through the point p(uy) =0
is such that p(g, m) > 0 for m > 0, At m = m°® this in~
tegral curve lies above the corresponding integral
curve of (18). Consequently p(e + 0, m°) > p(e - 0, m®),
At the same time the integral curve of (17} which
passes through the point p(u.) = 0 and which is defined
by (9) coincides with the solution of (18) over the in-
terval u < u < &. Considering the behavior of the in-
tegral curves of (17) when m increases upwards from
the value m = m°, we conclude that problem (17) has a
unique solution,

Note that the above proof is valid also in the case
of more general dependence of the rate of the chem-
ical reaction on concentration and temperature, the
only condition being that

oF

du U=y

':'01 g—§‘>0 for e<u<u, «
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